THE UNIT SAMPLING DEFECT IN DIGIT-COLLISION
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ABSTRACT. Carry counts from two-digit words with matching digits
form a finite table. Its centered square mass is the digit-collision en-
ergy. We prove that its normalized energy is asymptotically one less
than the exact continuous average, settling the sampling-limit conjec-
ture left by the secondary-term calculation. For an odd prime p, put
N =p—1, let ¢ be the centered sawtooth with value zero at integers,
and set By (x) =23,y ¥(jz). Then

p°—1

/0 By (x)*dx — Z% Z By(a/p*)? =1+ O(p_" log4(2p))
a=0

for an explicit absolute > 0. The grid samples are exactly the centered
carry readings in a different order. At the origin all clocks record zero,
although their squared one-sided sum is N2. Its share N?/p? tends to
one. We show that the combined discrepancy from the interior resets
tends to zero as both the profile and grid grow. The proof joins the
two orientations of a Dedekind reciprocity descent into a complete in-
terval with golden endpoints, then uses reciprocal-phase oscillation in
its denominator. Replacing just the squared sample at the origin by
N? therefore makes the finite and continuous averages agree asymptot-
ically. In the original energy units, this identifies a quadratic sampling
correction beneath the scale resolved by the cubic law and its secondary
term.
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1. SAMPLING A GROWING CARRY TABLE

An integral ignores the value assigned at a single point. A finite table
records it. When the table and the function grow together, that one value
can leave a discrepancy that survives averaging. For the carry table studied
here, the discrepancy tends to one. Its source is a common reset of all the
clocks representing the table. The proof must also account for the growing
family of resets between them.

A digit collision asks whether two digit positions agree. Here the positions
are the two digits of a base-p word. In base three, the words 00, 11 and 22
occupy the integer positions zero, four and eight. Place them on a circle
with nine positions. Multiplication by two moves their marks to zero, eight
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and seven. A further step of two takes two marks across the join. Those
crossings are the carries being counted.

For an odd prime base p, there are p matching-digit words on a circle
of p? positions. For each multiplier a from zero through p? — 1, multiply
their positions by a and count the crossings under a further step of a. The
resulting list of counts is the carry table. Subtracting the proportional
allowance a/p gives its centered readings. Their squares sum to the collision
energy F,.

The same table has a clock representation. Define the integer-zero saw-
tooth by
N

w<x>={({f}‘5’ CER B =23 wn, N=p-1,

j=1
where {z} denotes the fractional part. Each component rises linearly and
resets at multiples of 1/7; this repeating motion is why we call it a clock.
The clocks are added before the sum is squared, so their interactions are
part of the energy.

The sampling grid consists of the p? points 0,1/p?, ..., (p* — 1)/p*. Propo-
sition 2.1 shows that the values of By on this grid are the centered carry
readings in a different order. The continuous capacity and the finite average
are therefore

Ly
2

1 p*-1
1
TN = [ BuPds, =2 Bula/it)
0 p "=
Their difference S, = J(p — 1) — E,/p* is the sampling defect. Sampling

here uses every entry of the carry table.

The Secondary Term in Digit-Collision Energy [7] proved that, for odd

prime bases,
2 2102
p 2 p*log™(2p)
E,=p*—- (1 Ol ———————= ).
p p 7T2 ( ng) + <log 10g(3p)
That calculation bounded the sampling defect below the secondary scale
and left its proposed limit S, — 1 open. The limit resolves a finer question

about the same energy, with its exact continuous capacity retained.

The origin explains the candidate one. Each doubled clock approaches
—1 just to its right and +1 just to its left around the periodic join. Thus B%
approaches N? from either side, while By(0)> = 0. Replacing that single
squared sample by N? raises the finite average by N?/p? which tends to
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one. To prove that this is the entire limiting difference, we must control the
combined signed discrepancy from the interior. Both the number of clocks
and the sampling grid grow with p.

The proof gives an explicit positive power saving. Its exponent combines
the derivative-estimate saving 1/(2'4 —2) with a denominator cutoff at p'/2®,
giving

1 1
©28(2M —2) 458696
These are conservative choices in the proof, explained at their points of use
below. Their role is to establish convergence. The stronger square-root rate
suggested by the numerical data is formulated in Conjecture 15.1.

Ui

Theorem 1.1 (Unit sampling defect). For odd primes p, let N = p—1 and

1 1 p=—1
s, = / By(e)dr — 53" By(a/r')"
0 a=0

With n = 1/458696, one has
S, =14 0(p"log"(2p)) . (1)

The implied constant is absolute. FEquivalently, the original finite carry
enerqy satisfies

E,=p*[J(p—1)—1] +O(p* "log"(2p)) . (2)

In the original energy units, the unit defect is a quadratic correction.
It lies inside the larger remainder of the secondary-term expansion. The
theorem determines this correction relative to the exact capacity J(p — 1);
a finer expansion of that capacity is a separate question.

The sampling identity in Section 3 separates the origin from a signed
sum of Dedekind terms. Reciprocity follows each term through division
with remainders. An initial sequence of division steps is a prefir; its matrix
records how the original pair is reconstructed from the smaller one. We stop
when a remainder crosses a threshold and bound all the costs accumulated
before that crossing. The terminal terms retain both possible orientations
of the descent. Their signs allow them to be joined into a complete interval
of primitive rational coordinates. Holding the numerator fixed then exposes
reciprocal-phase oscillation in the denominator. This controls the terminal
terms across all the original cutoffs and proves the limit.
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The analytic ingredients are classical. We use Dedekind reciprocity and
its cotangent representation [1], Weil’s complete Kloosterman bound includ-
ing its Ramanujan zero mode [6, Lemma 3.8], Erdés—Turan discrepancy [5,
Theorem 8.1], and the classical derivative estimate stated in [4, equation (1)].
The golden interval belongs to the geometry of signed continued fractions
[3]; its population is proved directly below. Throughout the descent, the
signed source, its cutoff and its multiplicity remain those of the original
carry table.

2. CLOCK REPRESENTATION OF THE CARRY TABLE

Fix an odd prime p throughout, and write
1
N=p—1, q=p° (=log(2p), H,=) -

We write (7, k) for the greatest common divisor. A bar over a unit denotes
its inverse modulo the modulus in use. The integers from zero through ¢ —1
represent all two-digit base-p words, including leading zeros. This finite
residue system is the two-digit carrier. The word with both digits equal to d
has value pd+d, so the equal-digit words occupy G, = {(p+1)d : 0 < d < p}.
For 0 < a < q put

o 5 (222 [2]). -3

neGy

and E, = 327" F,(a)?. Each difference of floors is zero or one. It records
whether the step from na/q to (n + 1)a/q crosses an integer boundary,
counting arrival at the boundary as a crossing. This is the circular carry
test described above.

A step of a crosses the join from exactly a of the g possible starting
positions. The proportional allowance for the p selected marks is therefore
pa/q = a/p. Subtracting it defines F,, without a random-digit assumption.
The carry table is the list of Cp,(a); its centered table is the list of F,(a).
These are the definitions used in [7].

Proposition 2.1 (Straightening the carry response). Writing [x], for the
least residue, one has

F((0-p)A)) = By(A/g), B, =Y Bx(Alg)"
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Moreover,

J(N) ;:/0 BN($)2d$:% > <j’,k)2. (3)

Pror L

Proof. Expanding each floor into its argument minus its fractional part can-
cels the term a/p. Since (1 — p)(p + 1)d = d (mod q), the two fractional
part sums at a = [(1 —p)A], have indices 0,...,p—1land 1 —p,...,0. Their
difference is

> ({54 a} — (54/a)) = Z (Afa)

This includes integer arguments. The multlpher 1 — p is a unit modulo
q, proving the energy identity. At a = pc the defining floors telescope to
Cy(pc) = ¢, so the nonunit readings are indeed zero.

The L? Fourier coefficients of ¢ are —1/(27in) for n # 0. Parseval, with
the common frequencies of ¥ (jz) and ¥ (kz), gives

k 2
/ Y(jx)(kr) de = (12311

Multiplication by four and summation prove (3). O

Define the Dedekind sum for all integer h and positive k by

=S wla/phalk),  s(h1) =0,

It is periodic and odd in h. On units it is invariant under inversion. We use
the classical reciprocity identity
h?+k*+1 — 3hk

s(h, k) + s(k,h) = R(h, k), R(h, k) = ik ,

(h k) =1.
(4)
These formulas use the integer-zero convention throughout [1].

3. SEPARATING THE COMMON RESET

At an interior reset, the jump in the squared profile depends on the
readings of the clocks that do not reset there. The signed source below
records their combined contribution to the sampling defect.
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Put My, = |N/k|, si = N — kMj, and

Ty.s(a _QZw (ja/k), A, = ZM’“ZT’”'C Y(qa/k),

a€Uy,

where U, is the group of units modulo £, represented inl,...,k—1.

Proposition 3.1 (Exact sampling identity). The complete defect satisfies

N? 4_.Ap_NHN (5)

S, =
Popr o p? 3p?

Proof. Between jumps, By has slope V = N(N + 1). At a reduced fraction
a/k, 2 < k < N, its midpoint value is Ty, (a) and its jump is —2M;. For
f = B% this gives

[flaje = —4M T 5, (a), [ ayk = —4V M.

At the origin the squared one-sided value is N2, the chosen sample is zero,
and [f']lo = —4V N. No nonzero jump lies on the ¢-grid, since 2 < k < p
and (k,q) = 1.

Let By(x) = {x}* — {z} + 1/6. Distributional differentiation gives
=224y (T + (10

For nonzero frequencies this determines J?(n) by division by (2min)?. Sum-
ming the frequencies divisible by ¢, with symmetric Abel regularization for
the first-derivative series, gives

1

15 ! N? 1 /
G I = [ 5= S en) — 55 SIS Balar)

Indeed ) e >™¥/(2mij) = 1(y) in this convention and the corresponding
squared-denominator series is —By(y)/2. The finite jump sums commute
with regularization. The origin correction replaces the regulated value N2
by its sample zero.

The remaining quadratic term is evaluated completely. Expanding M, as
the number of multiples of k through N and reducing fractions gives
N j—1

——i—ZMkZBQ qa/k) :_+ZZB2 qa/j) =

a€Uy, j=1 a=1
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The last equality follows because ¢ permutes the residues modulo j and
Zfl;ll Bsy(a/j) = (571 — 1)/6. Substitution, using V' = pN, proves (5). [

The first term of (5) tends to one, and the harmonic term is O(p~2 log(2p)).
The sampling limit is therefore reduced to A, = o(p?). This is a bound on
the combined signed contribution of the interior resets. The rest of the proof
keeps that contribution together through its changing moduli and cutoffs.

For example, direct rational calculation at p = 3,5, 7 gives

S 11 143 347
Poor 225’ 490°
The asymptotic question is how the interior contribution behaves as the
whole table grows.

For L > 1 and a nonzero residue a = () mod k, define

ApL(Q;k) = la<rmod k — lk—a<i mod k> Ar(0;k) = 0. (6)
Write L, = [N/r] and enp(Q) = > <n AL, (@3 k). Thus A is odd, has
absolute value at most one, and records both ends of the actual prefix.

Proposition 3.2 (The original count source). One has

Ay =Y cnnlgh)s(h, k). (7)

k=2 hely

The source has mean zero, absolute value at most | N/k|, and cyclic variation
at most 4| N/k|.

Proof. Complete periods of 1(ja/k) sum to zero. We may therefore replace
the terminal j-prefix in T} 5, by 1 < 7 < N. Expanding M}, into multiples
and combining reduced fractions yields

Ay =2 s(jg,1).
1j<N
If j = da,l = dk with (a,k) = 1, the sawtooth distribution identity
o ((x +b)/d) = ¥(x) gives s(jd,1) = s(ag, k). Complete unit blocks
in a vanish by oddness. At fixed d, k only the prefix ending at L; mod k
survives. Change variables a = gh mod k, then pair h with —A to turn
twice this prefix into (6). The modulus-one term is zero. Each difference of
interval indicators is odd, has zero mean and cyclic variation at most four.
Summing gives the stated bounds. O
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There are two sawtooth conventions in the argument. Dedekind sums
always use ¢. Expanding a literal floor uses b(x) = {z} — 1/2, including
b(n) = —1/2 at integers. Direct division of ) and L by k proves, when
Q#0 (mod k),

AL(Qik) = % —20(Q/k) +b((Q = L = 1)/k) + b((Q + L) /k).  (8)
The shift —L — 1 and the term 1/k will both be retained.

4. BOUNDS FOR WEIGHTED SOURCES

Three estimates will control different parts of the reciprocity descent. The
first bounds the absolute mass of the Dedekind weights. The second uses
oscillation along a reciprocal phase. The third handles a weight whose
variation can be bounded while the original count source is retained. Here
cyclic variation is the sum of absolute successive differences around the
residue classes, and 7(k) counts the positive divisors of k.

Lemma 4.1 (Absolute Dedekind mass). For every integer k > 1,

k
> Is(a k)| < ZHZ.

a€Uy,

Consequently

> Y pstew) < A Dy, ()

Proof. The cotangent representation [1, equations (3)—(4)] is
k-1

s(a, k) = ﬁ ZCOt(ﬂ'TL/k) cot(ran/k), (a,k) = 1.

The inequality |cot(rz)| < [2min(z,1 — z)]7" gives S_! | cot(mn/k)| <
kHy. For fixed n, let g = (n, k). Multiplication by n has at most g preimages
of each nonzero residue, so

k/g—1
> lcot(man/k)| < g Y |cot(mj/(k/g))] < kHy.
a€Uy, j=1

The triangle inequality proves the first assertion, including composite k.
Reflection halves this bound on e < w/2; its possible midpoint has zero
weight. Sum u/8 over v < U to obtain (9). O
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The order klog®(2k) of this absolute mass is classical [2, Lemma 6]. The
elementary proof above fixes a convenient bound for every modulus.

Lemma 4.2 (Reciprocal-phase discrepancy). Let | X| > 1, —1 < g < 2,
and T < Co\/|X|. Uniformly over integer intervals I C [2,T] and real ,

D)

tel

<, | X[V log(27).

Proof. On a dyadic interval of scale Z > 2, t + 3 is comparable to Z. For
frequency j, the second derivative has size j|X|/Z3 and fixed sign. The
classical second-derivative bound gives

Ze2mj(7+x/(t+ﬁ)) < \JX|/Z + Z3/2/\/j|X|

on any subinterval. Integrating the Erdés—Turan inequality gives

> H6.) <<J—+1+z z

This formula includes integer phases, since integrating m/2 — #{n : {0, } <
t} over 0 < t < 1 gives the left-hand sum before taking its absolute value.
If Z < 2|X|'/? use the trivial bound. Otherwise choose J = |Z/|X|'/3]
n (10). The result is O(|X |3 + Z3/2|X|7?) = O¢,(|X|"/?). Summing
the dyadic pieces proves the claim. Short terminal intervals obey the same
estimates. U

(10)

Lemma 4.3 (Completion against the count source). Let f be a real function
on residues modulo k, with f(0) =0 and cyclic variation at most Vi.. Then

> fle)eni(qe)

cEU

< %ﬂ ) (VElog2(2k) + log(2k)) . (11)

Proof. Use normalized coefficients f(m) = k71, f(c)e ?™me/k with cen-
tered frequency representatives. Summation by parts, and the fact that a
cyclic path returns to zero, give

FO) <Vif2, [Fim >|s% (m #0)
A0) =0, )< (n#£0)
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Fourier inversion expresses the sum exactly as
YD Fm)en)K (m,ng; k),
m  n#0
where . i
K(m,n; k) _ Z e27rz(mﬂc+na:)/k‘
TEU)
There is no extra factor k. Weil’s bound and the Ramanujan bound are

|K (m,n; k)| < 7(k)Vkv/(m,n, k), |K(0,n; k)] < (n,k).

Since (¢, k) = 1, multiplication by ¢ does not change the ged factors. For
nonzero m, 1,

k
Z M<<log 2k) Zd 32 < log?(2k).

m,n#0 ’mn‘ dlk
For the retained mode m =0, 3, ,(n, k)/|n| < 7(k)log(2k) by expansion
over common divisors. Substitution proves (11). O

5. THE FIRST RECIPROCITY STEP

Choose a threshold H for the smaller member of a Dedekind pair. The
pairs already below it admit a direct reciprocal-phase estimate. For the
others, reciprocity separates a rational correction from a new Dedekind
sum at a smaller modulus.

Inversion and reflection in (7) give

—22 Z s(c, k)en g (qe). (12)

k=2 0<c<k/2
(c,k)=1

The exceptional unit at k = 2 has zero Dedekind sum. For H > 1, let £L(H)
be the part with ¢ < H. On ¢ > H, apply (4) to write

A, = L(H) + E(H) + B(H), (13)

where & uses 2R(c, k)eni(ge) and B uses —2s(k,c)cni(gc) on the same
domain.

Proposition 5.1 (First-stage bounds). Uniformly for integers 1 < H < N,
|C(H)| < p®BHY3B,  |E(H)| < p*?H™ .
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Proof. For the first estimate fix ¢ and write k = ¢t + a with a € U.. When
c =1, use a = 0 and its single residue class. Put f = a mod ¢, with f =0
at ¢ =1. Then

c_ [ 1 gc+v _ qf g/ +v/c
—=—-=4 — d1 - =4
k c+ck (mod 1), k c t+a/c
For each source cutoff L = L,, the shifts are v = 0,—L — 1, L. An active
family has ¢ < k/2 < p/2. Thus its three amplitudes are comparable to
p?/c? and t < L/c < 4/|X|. Conditions 2¢ < k < L give a single interval.
Lemma 4.2, applied to (8), bounds every partial source sum by O((p/c)?/3¢).
The term 1/k costs O(¢/c) and is absorbed.

The actual weight is

(mod 1).

t+a/c 1 1+4+c¢2
- B E 14
A S v Trarys (14)
On t+a/c > 2 its endpoint size plus total variation is O(L/c+ 1+ |s(a, c)]).
Partial summation and then summation over r < N/(2¢) give, for fixed ¢, a,
5/3

< 5 (8 + (1 +Is(a,0))0).

Lemma 4.1 bounds the sum of these baselines over a by O(clog?(2c)). Sum-

ming ¢ 2/3 through H proves the first claim. This calculation includes the
¢ = 1 families directly.

For the second estimate extend R(c, k) by zero outside H < ¢ < k/2. It
is decreasing on that interval, its absolute value is at most k/(4H ), and its
cyclic variation is at most k/H. Apply Lemma 4.3 with V, = k/H and
include the factor two. The elementary bound ), - 7(k) < NHy finishes
the sum. - O

s(c,ct +a) =

6. CANCELLATION ACROSS MODULI

For a state in B(H), one has H < ¢ < k/2 and (¢, k) = 1. The states
with ¢ = 1 are already included in £(H). After removing the zero-weight
tie described below, write the strict nearest-remainder step

k =mc+ ed, 0<d<c/2, m>2(e=1), m>3(e=-1).

The only coprime tie has (¢,d) = (2,1) and weight s(k,2) = 0; its contribu-
tion is assigned zero. Let C(H, D) be the portion of B(H) with d < D, and
let Z(H, D) be its complement. This partitions the original source states
without changing their weights.
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Proposition 6.1 (Cross-modulus bound). For 1 < H,D < N,
IC(H,D)| < p°3DY3¢* + pDe*. (15)

Proof. Fix m,d, e and write ¢ = dt + a, a € Uy. At d =1 use a = 0. Then
s(k,c) =es(d, c) and

Fed - ak et
Forv=0,—L—1, L, put
2
a € ep v
-4 = X =+ 4 7
b=atm ST T

The shifted phase is ega/d+ X, /(t + ) modulo one. Here —1/3 < 5 < 3/2
and £p?/d* < |X,| < §p?/d?, since d < ¢/2 < k/4 < p/4 and |[v| < p. Also
t < L/(md)+1/3 < +/2|X,|. The conditions ¢ > H, ¢ > 2d and k < L give

one interval. Thus every partial source sum has size O((p/d)?/?¢), including
the 1/k term.

Split s(d, ¢) = R(d, c) — s(a,d). The size plus variation of the first weight
is O(L/(md)) on this interval. For fixed m,d, a,e, partial summation and
the source sum give O(p®/3m~1d=%/3(%). Sum over at most d residues, both
signs, m < N and d < D. The result is O(p®/3D/3¢3).

The next baseline is paid separately, at its actual modulus d. Since
k> mc/2, |ens| < Nk, and SN (@), e>24 /¢ < Hn/d, its absolute contri-
bution at fixed m,d, € is at most NHyH?2/m. Lemma 4.1 supplies the sum

over a. Both orientations and all m,d therefore cost at most 2N DH% H%,
proving (15). O

7. DESCENT TO THE THRESHOLD

The preceding step controls pairs that reach a small remainder immedi-
ately. For the other pairs we repeat division, retaining both the correction
at each step and the Dedekind sum still to be resolved.

We now take D = H and retain Z(H, H). Start its original pair at
ug = k,u; = ¢ and descend by

Uj—1 = MU + EjUjt1, 0< Ujp1 < uj/2

Perform a step only when w;; > H, stopping before the first step crossing
touj41 < H. Let J > 1 be the number performed and dg = 1, 0; = —¢;6;_1.
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Reciprocity gives
s(k,c) = fru(c)+teul(c),

J
From(e) == 6;R(ujia, uy), (16)
j=1
tru(c) = dys(uy, wytr).
The corresponding split of Z is denoted Z(H,H) = K(H) + T (H), with
the original coeflicient —2cy x(gc) attached to both terms.

A finite nonempty word ((my,e1),..., (ms,es)) is admissible when each
g; € {—1,1} and each integer m; satisfies m; > 2 if &, = 1 and m; > 3 if
g; = —1. Matrix products are ordered from the first digit on the left to
the last on the right. These are exactly the digit restrictions of the strict
nearest-remainder descent above. The matrix of a prefix carries the terminal
remainder pair back to its original pair. Its determinant, equal to +1 or —1,
records the orientation of that reconstruction.

Lemma 7.1 (Prefix population and stopped variation). For an admissible
nonempty word put

m; &\ A B o
P:H(l o)‘(c E> det P = 4.

Then A > 2, |B| <A, 0<C < A/2, and (A,C) = 1. Distinct words give
distinct matrices, and there are at most 4A matrices with a given A. The
stopped cost has an extension to all residues satisfying

frz(0) =0, TV(fin) <8(k/H)>. (17)

Proof. Appending a digit changes the top row to (Am+ B,eA), so A strictly
increases and |B| < A. Apply the word backwards to a ratio e/u € (0,1/2).
Every step produces a ratio in (0,1/2), proving 0 < C < A/2 by taking
e/u | 0. The determinant gives (A,C) = 1. Given A, C, 4§, the congruence
BC = —6 (mod A) leaves at most two choices of B in (—A, A), and then
fixes . This bounds the count by 4A. The nearest-quotient procedure is
unique on each word’s nonempty interval. Two words with the same matrix
coincide until one ends; strict growth of A excludes a proper extension with
the same matrix.

At a performed cost (u,e), e > H and u > 2e, while
k=Au+ Be, c¢=Cu+ Ee, e=0(Ac—Ck), u=(k— Be)/A.
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Its support is one interval in ¢. Reversing the word shows that earlier steps
are all above H and that the original ratio lies in (0,1/2). In particular
k> A(u —e) > AH and u < 2k/A. For this prefix, extend the cost
—0R (e, u) by zero off that interval. Its absolute value is at most k/(2AH ).
To see monotonicity in e, put v = u/e = k/(Ae) — B/A > 2. Both v+ 1/v
and 1/(eu) decrease, the latter because (eu)” = (k — 2Be)/A > 0. Thus
R(e,u) decreases. Its interior variation and its two endpoint jumps total at
most 2k/(AH). Sum over all prefixes with A < k/H to get

TV(fer) <Y 4A%g8(k/ﬂ)2.

2<A<k/H
On unit integers this extension is exactly (16). On nonunits it is defined
by the same interval sum, which is all Fourier completion requires. Strict
endpoints are retained. 0

Proposition 7.2 (Complete stopped-cost bound). Uniformly for 1 < H <
N,
K(H)| < p"?H 2.
Consequently, at H = |p'*/],
AT (H)

P O(p~ /1%, (18)

Sy=1+

Proof. Apply Lemma 4.3 to (17), retaining the factor —2. Its bound at
modulus k is

N
< mT(/f)(/.c?’/? log®(2k) + k1log(2k)).

Sum using >,y 7(k) < NHy. The exact full-source identity is

A, =LH)+EH)+C(H,H)+K(H)+T(H). (19)
Propositions 5.1 and 6.1 control the other terms. At the stated threshold
their largest power is p?”/!4. The term pH¢* has smaller power 25/14, so its

extra logarithm is absorbed. Insert these bounds into (5). No source-index
truncation is made. O

The threshold p'/'* balances the growing cost p*/>H'? against the de-
creasing cost p”/2H 2. Both have size p?"/'* at that scale. After division by
p?, all the accumulated corrections therefore vanish. It remains to obtain a
saving for the terminal sum 7 (H).
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8. THE GOLDEN PREFIX INTERVAL

To estimate the terminal sum, we first need its full population. The
matrices of the stopped paths retain both orientations. Their top rows will
turn the varying path lengths into a single interval of rational coordinates.

Include the first crossing step in P. Its word has length at least two. The
terminal domain for source index r is

u>H, 1<e<H, 2<u, (ue)=1,
k= Au+ Be < L,, c=Cu+ Fe.

The coprime tie (u,e) = (2, 1) has zero weight and is assigned zero contribu-
tion before imposing the strict inequality 2e < u. All preceding remainders
exceed u, so this is precisely a first crossing. For the sign, write the crossing
step as uy = mu + e, where u = uy ;. Periodicity and oddness give the
residual d;s(uy, u) = dses(e, u). The original coefficient —2 and the update
0 = 0y.1 = —ed; therefore give

—20es(e,u) = 2ds(e, u).

(20)

Consequently

F(P) =25 3 slewdu(aak),  TH) =SS F(P). (1)

(u,e) in (20) r=1

Every state retains its original source coefficient and multiplicity.

Put
\/52_17 /8:1_CY7 I:(_ﬁva)

Theorem 8.1 (Complete prefix interval). Admissible words of length at
least two are in bijection with

A>2  (AB)=1, |B|>2  B/Acl. (22)

The top row determines the second row and the orientation uniquely. Both
endpoints of I are limits of admissible words.

o =

Proof. Appending a digit sends z = B/A to ¢/(m + z). The identities
B=1/3-p),a=1/(2— ) and o+ 5 = 1 show that all admissible maps
preserve I. Starting at (1,0) gives primitive top rows. At length at least
two, | B| is the preceding denominator and is at least two.

Conversely, for a nonzero reduced B/A € I, set
A'=|B|, e=sgnB, m=|A/|B|+8], B =A-m|B|
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The interval has length one with irrational endpoints, so m is the unique
integer with B'/A" € I. Tts endpoint inequalities imply m > 2 for B > 0 and
m > 3 for B < 0. The denominator decreases strictly, and the pair remains
primitive. The process ends at (1,0). Reversal reconstructs a unique word.
The pairs |B| = 1 are exactly its one-step words.

For an explicit second row, let by be the inverse of B modulo A. At length
at least two, A > 5 and 0 < C' < A/2. The determinant gives

by < A/Z,
by > A/2,
There is no unit midpoint tie. Finally, if F} are the Fibonacci numbers, the

powers of (3 ') have B/A = —Fy;/Fyj.9 — —f(. Appending (2,1) gives
B/A:F2j+2/F2j+3 — Q. [

C' = min(by, A — by), 0= {1_17 E = (6+ BC)/A.

The inverse ratio map is z +— |z|7! — ||z|7! + 1 — @], an a-continued-
fraction map in the classical family [3]. The theorem concerns its finite prefix
population. This explicit description lets us sum over every admissible path
while retaining its original source weight.

9. SMALL PREFIX BLOCKS

We group the terminal prefixes by the size of their denominator A. For
small denominators, reciprocal-phase oscillation in the terminal pair gives
a sufficient bound. Larger denominators will require the joined population
from the golden interval.

For dyadic K let B,(K;H) = Y ;- acox Fr(P), including both orienta-
tions. For an active matrix, k > A(u —e) > Au/2, so AH < 2L, and
u < 2L,/K. Lemma 4.1 therefore gives the block’s terminal absolute mass

Wek = Y ls(e,u)] < (L/K)*¢*. (23)
active (u,e)
Proposition 9.1 (Small-block estimate). For every active r, K, H,
1B.(K; H)| < p**L.H3 K. (24)

Proof. Fix a matrix and write u = et 4+ a, with a € U, and the convention
a=0ate=1. Set f=amode, with f =0 at e =1. The determinant
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identity gives
gc+v _ dqf  dq/e’ +v/(Ae)

k e t+a/e+ B/A
For example, h = 0(A(1 — fu)/e — Bf) is integral and satisfies ch = 1
(mod k), proving the formula. The shifts are again v = 0,—L, — 1, L,..
Because e < k/A < p/A, |vle/(Aq) < 1/A? < 1/4. Thus the amplitudes are
comparable to p?/e?. Also —1 < a/e+ B/A <2 and t < p/e. The terminal
inequalities and the cutoff leave one interval in . Lemma 4.2 bounds every
partial source sum by O((p/e)?/3¢), including the literal 1/k terms.

(mod 1). (25)

Formula (14), with ¢ = e, bounds the endpoint size plus variation of
the full s(e, et + a) by O(L,/(Ae) + 1 + |s(a,e)|). Partial summation and
Lemma 4.1 give

2/3L H1/3
IE.(P)| < (ij“ +p2/3H4/3> o,
The two contributions use, respectively, the estimates
Z e 23 <« H'Y3, Z e'3log?(2e) < HY3log*(2H).
e<H e<H

Since AH < 2L,, the second term is absorbed by the first. There are at
most 4A matrices at each A. Sum over K < A < 2K to obtain (24). O

10. FOLDING OPPOSITE ORIENTATIONS

The small-block bound grows with K. For large blocks we instead sum
over the prefix population before estimating its size. The following identity
transfers the orientation sign into the odd count source.

Proposition 10.1 (Orientation fold). Fiz (u,e) in (20). Put
f=umode, vy=(1- fu)/e, h=Avy— Bf =(A— fk)/e,
using f =0 when e =1. Then
OAL(qc k) = Ar(gh; k). (26)
Consequently
B(K:H)=2 Y  s(e,u)Grxlue), (27)

u>H, 1<e<H
2e<u, (u,e)=1
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where

Grx(u,e) = > Ap, (q(Avy — Bf); Au+ Be).  (28)

K<A<2K, |B|>2, B/AcI
(A,B)=1, Au+Be<L,

Proof. From Ac—Ck = de one obtains ch = §+k(C'— fc)/e. The quotient is
integral since ¢ = C'u (mod ¢e) and fu =1 (mod e). Thus ¢ = dh (mod k),
and oddness of Ay, proves (26). Substitute in (21) and apply Theorem 8.1.
Both orientations together give precisely the primitive pairs in (28). O

For one orientation alone the inverse of B modulo A selects only half the
population. Equation (26) removes that restriction from the joined source.
Each original contribution keeps its value, and the complete population now
admits the interval summation used next.

11. OSCILLATION IN THE PREFIX DENOMINATOR

Write L = L,. Holding B # 0 fixed, the restrictions in (28), apart from
coprimality, are a single interval

B B
K<A<aok, A=dP/% B0 B (20)
—-B/B, B<O,
Globally —25K < B < 2aK. Expand coprimality by
Lap-1= Y uld), A=da. (30)
d|A, d|B

Here p is the Mobius function. On each resulting progression the literal
count source becomes a sum of reciprocal phases. Its endpoint shifts must
be retained even when coprimality has been removed.

Lemma 11.1 (Nonprimitive extension and endpoint phases). The literal
identity (8) remains valid on every pair introduced by (30). Forv =0,—L —
1, L, put
v=—qfle+q/(ew), (=eBju, X,=qB/u’—v/u.
Then, as a real identity,
gh +v X,

F T A+ (3)
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For every nonempty block,

u<2L/K <2p/K, K >4, (32)
3p?|B| 5p%|B

(33)

Proof. The map

K\ [(u e A
()= ) ()
has determinant —1, so (k,h) = (A, B). Since |B| < A and u > 2e, k >
A(u —e) > A, whence (k,h) < k. Since k < L < p, it follows that gh # 0

(mod k) even for nonprimitive pairs.

Substitute h = (A — fk)/e and k = u(A + () to get (31). The inequality
k > Au/2 gives (32); the first possible top-row denominator is A = 5. Since
lv] < pand |B| > 2, |vu/(¢B)| < 2/(K|B|) < 1/4, giving the amplitude
bounds. Finally e/u < 1/2 and the global range of B give —fK < ( < aK,
proving the denominator bounds on the entire real interval. U

The phase amplitudes range too widely for one fixed derivative order to
give a saving everywhere. Orders two through fourteen cover the window
below. The weakest of their savings is k = (2!14—2)~! which is the derivative
factor in the exponent announced in Section 1.

Lemma 11.2 (A fixed derivative window). Let M > 2. Suppose a real
phase on an interval of length at most M has derivatives of constant sign
satisfying |g\9| =; TM™ for 2 < j <14, with fized comparison constants.
If MY?2 < T < M3, then every integer subinterval satisfies

Z eZﬂ'ig(n) 1

ME =—.
e < © T 16382

Proof. The classical jth derivative bound [4, equation (1)] is

Z e2mig(n)

n

<5 mAY +m AT a; = (27 —=2)7', b, =2*7,

on length m, when the derivative has fixed sign and magnitude comparable
to A. For T < M, the second derivative gives O(v/T + M/v/T) = O(M?>/*).
Otherwise choose 3 < j < 14 with M772 <T < M’~!. Then A < TM 7 lies
between constant multiples of M2 and M~!. The two terms are bounded
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by M'~% and M'~%%2%_ Since b; — 2a; > a; > k, both give the required
saving. For a shorter interval retain the same derivative scale and replace its
actual length by O(M) in the nonnegative powers above. Empty intervals
and intervals with at most one integer cost O(1). O

12. POWER SAVING FOR LARGE BLOCKS

At H = |p'"/1], split the prefix denominators at Ky = p'/?®. The small-
block estimate then gives a total cost of order p°®/?8¢* below p?. Above that
cutoff, the reciprocal phases fit the derivative window of Lemma 11.2. The
resulting factor satisfies K% < p~*/?8 in that range, giving the exponent
n = Kk/28.

Theorem 12.1 (Joined source estimate). Let H = |p'/|

every active source index and terminal pair,

Gx(ue) < K2 *log(2K), K >pY® k=1/16382. (34)

. Uniformly in

Proof. Set D = J = | K'/'%|. First retain the divisors d < D in (30), and
put M = K/d > K%/ For 1 < j < J the phase on the progression
A =dais

J Xy
da+ ¢’
The comparison constants in Lemma 11.1 are uniform in all source and

terminal parameters. Its lower bound gives 7" > 3K /8. Its upper bound,
u > H > p'Y/*/2 and |B| < 2K, gives

T < 10]p3/7 < 10K12+1/100.
For K > 16, these imply M'/? < T < M"™. For the upper inequality use
13(99/100) = 12.87 and 10 < 16%%. For the lower one use M < K. The

fixed dyadic cases K = 4,8 obey (34) after enlarging the absolute constant,
by counting their O(K?) pairs.

Apply Lemma 11.2 and (10) on the actual interval (29). For each fixed
B,d< D,

9" (@) = TM ", T = j|X,|/K.

gla) = jvy —

M 1

> Aplghik)| < — + M log(2J]) + —. (35)
- J du

The last term pays all the 1/k terms, because k =< Ku and there are O(K/d)

integers in this interval. Integer hits of the shifted phases are included by

the literal convention in (10).
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For a given d there are O(K/d) nonzero multiples of d in the global B
range. Summing (35) and using > d™? < oo, > d"% < co gives
< K?/J+ K> "log(2K) + K/u.
For d > D use |AL| < 1. Their total cost is

K (K )
< D, <E + 1) < K?/D + K log(2K).
D<d<2K

Since k < 1/100, all these quantities satisfy (34). The source was joined
before these absolute estimates were taken. O

13. PROOF OF THE SAMPLING LIMIT

Proof of Theorem 1.1. Take H = [p'/*| and K, = p/®. For K > K,
combine (27), (23) and Theorem 12.1 to get
B.(K; H)| < L2K"(°.

The complete source sum satisfies - L7 < N*3° _, r~* < p®. The dyadic
sum is geometric, so

DO IB(K; H)| < p* e,
r K>Kj

Its constant may depend on the fixed number x and is absolute. For K < K,
Proposition 9.1 instead gives

Z Z |BT(K; H)| < p5/3H1/3K0£4 < p55/28£4’
r K<Kjp
using Y L, < NHy and K<x, & < Ko. Thus the exact reconstruction
(21) yields
T (H)| < p?~ /4586963 4 ,55/28 41
Insert this into (18). More explicitly,
Sp =14+ O(p_l/458696€3 +p—l/28€4 +p—1/14€3) 7 (36)

which implies (1). Proposition 2.1 then gives (2). All estimates have in-
cluded every original source index and every admissible prefix depth. [
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14. THREE-CHANNEL SAMPLING CORRECTIONS

The difference between the two energy readings also has a finite three-
channel interpretation. Keep N = p—1 and ¢ = p?, and form the frequency
Grams of the same sawtooths,

(r,5)”

3rs

i, = giwm/@wsa/q), e =4 [ tulsn) e =

Their total sums are E,/q and J(N). To retain the diagonal and the two
orderings of an off-diagonal pair, let ) be cyclic shift on R? and define, for
a real symmetric matrix H,

¢(H) = tr(H)I + (Z Hm> Q-+ (Z Hm> Q.

r<s r>s

This aggregation retains three sums from the frequency Gram. Its constant
channel reads the total energy; the other two channels compare the diagonal
with the off-diagonal interaction. Write Py = 117/3 for the constant-line
projection in R3, and P, = I — P, for the centered-plane projection.

Corollary 14.1 (Cubic sampling correction). For every odd prime,
S, 3N N
HY — ¢(H®) = =S, 2 _—— 4+ = P. 37
el el = ~S,p+ (P -G )P 6]
Consequently, with n = 1/458696,
|€(H?) — €(H) + Py — 3P1|, < p~"log" (2p).

The transverse eigenvalue of €(H?) is

NZIM) L Ly o(moter).

Proof. Put D(H) = 1"H1 and §(H) = tr(H). Symmetry makes the upper
and lower sums equal. Since Q + Q™! =3P, — I,

35(H) — D(H)
2

Each r < N is coprime to ¢, so its samples permute the grid. Summing the
square of 2¢(a/q) gives

¢(H) = D(H)P, + P..

N(q_l)(q_2) 5(HC):E

L R )




24 ALEXANDER S. PETTY

Subtract the two decompositions and use D(H¢) — D(H?) = S, to obtain
(37). The operator-norm error is at most |S, — 1| +3N/(2¢). Theorem 1.1
proves the stated limit and rate. Substituting D(H¢) = J(N) gives the
transverse formula. U

The half-unit corrections are measured against the exact continuous re-
sponse. The scalar sampling limit determines all three corrections in this
aggregation. The capacity deficit N — J(N) remains part of the transverse
response.

15. A UNIT AT THE COMMON RESET

Correcting a single sample is enough to make the discrete and continuous
readings agree asymptotically. To see this, change the squared profile only
at the origin, setting gn(0) = N? and gy(z) = By(x)? otherwise. Its
integral is unchanged and its grid average increases by N?/p?. Therefore

N2

1 1 p?—1
Sp= ot / ov(@)dz — = 5 gw(a/p?)
p 0 J—

The expression in parentheses tends to zero by Theorem 1.1. Equation (5)
identifies it as 4.4,/p* — NHy/(3p®). Thus the signed interior estimate has
a direct meaning for the table. After correcting its common reset, the entire
grid average approaches the continuous reading.

The correction also fixes the relation to the continuous capacity deficit.
Exactly,

p_%:[N—J(N>]+1+s,,:[N—J(N)]+2+o(1).

One unit comes from p— N = 1 and the other from the sampling limit. The
continuous deficit N — J(N) carries its own finer asymptotics. Determining
a third constant in the full energy expansion requires those terms as well;
the remainder in the known capacity expansion still grows [7].

The next question is how quickly S, approaches one. The numerical
values in the secondary-term calculation [7] motivate a stronger rate.

Conjecture 15.1 (Square-root sampling rate). For every e > 0,
S, =1+ 0.(p7/*™)

as p — oo through odd primes.
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This bound allows fluctuations on either side of one. The origin contri-
bution N?/p? differs from one by O(p~!), so the proposed square-root scale
concerns the combined signed interior discrepancy. It asks for stronger
cancellation in the same source A,, with all its weights and cutoff terms
retained.

The cubic law and its secondary term describe the growth of the carry
energy. The sampling limit identifies the persistent difference between the
finite table and its continuous reading. An integral ignores the value as-
signed at a single point. The finite table records it.

The value one comes from the prescribed joint growth of the clocks and
the grid. There are N = p — 1 clocks and ¢ = p? samples, so the common
reset contributes N?/q. Its coherent square grows at the rate needed to
balance the diminishing weight of a single sample. With the interior dis-
crepancy controlled, this boundary contribution survives on its own. One
sample accounts for the limiting difference of the entire table.
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